Starting from [1] we compute the Groebner basis for the defining ideal, P , of the monomial curves that correspond to arithmetic sequences, and then give an elegant description of the generators of powers of the initial ideal of P , inP . The first result of this paper introduces a procedure for generating infinite families of Ratliff-Rush ideals, in polynomial rings with multivariables, from a Ratliff-Rush ideal in polynomial rings with two variables. The second result is to prove that all powers of inP are Ratliff-Rush. The proof is through applying the first result of this paper combined with Corollary (12) in [2] . This generalizes the work of [4] (or [5]) for the case of arithmetic sequences. Finally, we apply the main result of [3] to give the necessary and sufficient conditions for the integral closedness of any power of inP .
Introduction
Let n ≥ 2, F a field and let x 0 , ..., x n , t be indeterminates. Let m 0 , ..., m n be a sequence of positive integers. Let P be the kernel of the F -algebra homomorphism η : F [x 0 , ..., x n ] → F [t], defined by η(x i ) = t mi . Such an ideal is called a toric ideal and the variety V (P ), the zero set of P , is called an affine toric variety. Toric ideals are an interesting kind of ideals that have been studied by many authors such as [25] and Chapter 4 of [24] . The theory of toric varieties plays an important role at the crossroads of geometry, algebra and combinatorics. The initial ideals, inP , of the monomial curves that correspond to an (almost) arithmetic sequence have been studied by many authors such as [4] , [15] , [16] , [17] , [18] , and [23] . In this paper we are interested in studying the Ratliff-Rush and the integral closedness of powers of inP for the case when the sequence m 0 , ..., m n is arithmetic. This study in motivated by results from Al-Ayyoub [1] , [2] , and [3] .
In Section (2) we recall the result of [16] where the generators of P are explicitly constructed for the case when the sequence m 0 , ..., m n is almost arithmetic, that is, some n − 1 of these form an arithmetic sequence. Then we calculate the values of the parameters given in [16] so that we obtain the generators for P for the case when the sequence m 0 , ..., m n is arithmetic, and then we use Theorem (2.11) of [1] to obtain the Groebner basis for P . Section (3) introduces a procedure (Theorem (14) ) for generating RatliffRush ideals in polynomial rings with arbitrary number of variables from a Ratliff-Rush ideal in polynomial rings with two variables. Then we use Theorem (14) , along with Corollary (12) of Al-Ayyoub [2] , to give a generalization of the main result of [4] (or [5] ) for the case of arithmetic sequences. In particular, we prove that all powers of inP are Ratliff-Rush.
In Section (4), motivated by Theorem (20) of [3] , we give the necessary and sufficient conditions for the integral closedness of all positive powers of inP .
The Defining Ideals of Monomial Curves
Let m 0 , ..., m n be an almost arithmetic sequence of positive integers, that is, some n − 1 of these form an arithmetic sequence, and assume gcd(m 0 , ..., m n ) = 1. Let P be the kernel of the F -algebra homomorphism η : F [x 0 , ..., x n ] → F [t], defined by η(x i ) = t mi . A set of generators for the ideal P was explicitly constructed in [16] . We call these generators the "Patil-Singh generators". AlAyyoub [1] proved that Patil-Singh generators form a Groebner basis for the prime ideal P with respect to the grevlex monomial order with the grading wt(x i ) = m i with x 0 < x 1 < · · · < x n (in this case
.., a n − b n ) the left-most nonzero entry is negative). In order to state the Groebner basis, we need to introduce some notations and terminology that [16] used in their construction of the generating set for the ideal P .
Let n ≥ 2 be an integer and let p = n − 1. Let m 0 , ..., m p , m n be an almost arithmetic sequence of positive integers and gcd(m 0 , ..., m n ) = 1, 0 < m 0 < · · · < m p , and m n arbitrary. Let Γ denote the numerical semigroup that is minimally generated by m 0 , ..., m p , m n , i.e. Γ =
and g t ∈ Γ ′ be defined by t = q t p + r t and g t = q t m p + m rt .
The following lemma gives an explicit description of the set of generators for the defining ideal.
Now the Patil-Singh generators are as follows
where ε = 0 or 1 according to r u > r z or r u ≤ r z , and J = [0 , (1 − ε)p + r z − r u ] or φ according to z > 0 or z = 0.
Groebner basis for the ideal P with respect to the grevlex monomial order with x 0 < x 1 < · · · < x n and with the grading wt(x i ) = m i .
In this paper we are interested in monomial curves that correspond to arithmetic sequences. In the following lemma and remarks we explicitly state the values of the parameters in Lemma (2) for such monomial curves. 
Proof. By the assumption of the minimality on the generators of Γ we must have n < m 0 . Note g 0 − m 0 = −m 0 / ∈ Γ. If 0 < t < n, then g t − m 0 = m t − m 0 = td / ∈ Γ since t < m 0 and gcd(m 0 , d) = 1. On the other hand,
If we write m 0 = qn + r with 1 ≤ r ≤ n, then m0 n = q + 1 and
On the other hand, let 0 < a ≤ q be an integer such that a = min{b ≥ 1 | bm n ∈ Γ ′ }. Note that since u = n, then z ≤ p = n − 1, where z is as given in Lemma (2). This implies q z = 0 and r z = z; hence, g z = m rz = m 0 + zd. Consider am n = am 0 + and
By the uniqueness and part (ii) in Lemma (2) 
Remark 5 Write m 0 = qn + r with 1 ≤ r ≤ n. By Lemma (4) u = n and υ = q + 1. This implies q u = 1 and r u = 1, where q u and r u are as defined in Notation (1). Also, from the proof of Lemma (4), as well as the uniqueness in Lemma (2), we have λ = 1, w = 1, µ = q + d, and z = n − r. This implies q z = 0 and r z = n − r.
Remark 6
Let r and n be as in the above remark. If r = n, then z = 0; thus, J = φ, where J is as defined after Lemma (2). In such a case the binomials ψ j do not exist in the Patil-Singh generators, thus we do not have to worry about the values of υ − w, q u − q z − ε, and λ + µ − ε. Otherwise, if 1 ≤ r < n, then r z = n − r ≥ r u as r u = 1 by the above remark; thus ε = 1, therefore, υ − w = q, q u − q z − ε = 0, and λ + µ − ε = q + d.
Notation 7
For the remaining of this paper, we let p = n−1 and the parameters q and r will have the same meaning assigned to them by the above remark, that is, m 0 = qn + r with 1 ≤ r ≤ n. Note that q ≥ 1 since m 0 > n. Now by Theorem (3), Lemma (4) , and the remarks above we may state the following proposition which is the beginning step towards proving two of the main theorems of this paper, namely, Theorem (18) and Theorem (22) . 
x j | 0 ≤ j ≤ n − r} forms a Groebner basis for P with respect to the grevlex monomial ordering with x 0 < x 1 < · · · < x n and with the grading wt(x i ) = m i .
Proof. By Remarks (5) and (6) we have
x n−r , and
where inP is the initial ideal of P .
The Minimal Set of Generators of (inP )
l In this subsection we give an elegant description of the generators of any power of inP . Let λ e = e q + 1 2 . Recall,
The ideal (inP ) l is generated by all monomials in the set
Assume a < l and b ≥ 2 and let
. Let i 2a+1 = t 1 and i 2(a+1) = t 2 . Then σ equals or it is a multiple of
Repeating the same process on pairs of the t i , it can be shown that σ equals or it is a multiple of
according to b is even or odd. This implies that every monomial in Σ equals or it is a multiple of these two forms of monomials. Therefore, (inP ) l is minimally generated by the monomials of the set
If c = 2(l − e), then 2e = 2l − c. Thus Ω can be written as
3 The Ratliff-Rush Closure
Let R be a commutative Noetherian ring with unity and I a regular ideal in R, that is, an ideal that contains a nonzerodivisor. Then the ideals of the form
As R is Noetherian, I = I n+1 : I n for all sufficiently large n. Ratliff and Rush [19, Theorem 2.1] proved that I is the unique largest ideal for which ( I) n = I n for sufficiently large n. The ideal I is called the Ratliff-Rush closure of I and I is called Ratliff-Rush if I = I.
As yet, there is no algorithm to compute the Ratliff-Rush closure for regular ideals in general. To compute ∪ n (I n+1 : I n ) one needs to find a positive integer 
has a nonzerodivisor (has positive depth). Thus the Ratliff-Rush property of an ideal is a good tool for getting information about the depth of the associated graded ring, which is by itself a topic of interest for many authors such as [12] , [13] and [9] . Elias [8] established a procedure for computing the RatliffRush closure of m-primary ideals of a Cohen-Macaulay local ring with maximal ideal m. Elias' procedure depends on computing the Hilbert-Poincaré series of I and then the multiplicity and the postulation number of I. Crispin [7] established an algorithm to compute the Ratliff-Rush closure of monomial ideals in a polynomial ring with two variables over a field. Generalizing the whole work of Crispin, Al-Ayyoub [2] introduced an algorithm for computing the RatliffRush closure of ideals of the form
with a i < a n , b i < b 0 , and b i / (a n − a i ) ≥ b 0 /a n .
A Result on the Ratliff-Rush Closure
Computing the Ratliff-Rush closure is proven to be a hard problem in general. Furthermore, it is still a hard problem to decide whether a given (monomial) ideal is Ratliff-Rush. Theorem (14) below introduces a procedure for generating Ratliff-Rush ideals in polynomial rings with arbitrary number of variables from a Ratliff-Rush ideal in polynomial rings with two variables. The procedure is very helpful as it can be used to generate families of Ratliff-Rush ideals whose powers are all Ratliff-Rush, while most of such ideals that are given in the literature are with two variables. In particular, we apply Theorem (14) , along with Corollary (12) of Al-Ayyoub [2] , to conclude that all powers of the initial ideals of the defining ideals of certain monomial curves are Ratliff-Rush. This generalizes the work of Al-Ayyoub [4] (or [5] ) that shows that such initial ideals are Ratliff-Rush.
The following notation introduces the objects that constitute the hypotheses for the main result of this subsection. The example and the figure below give a visualization of these hypotheses.
Notation 9
, with b i < b i+1 and a i > a i+1 , be a monomial ideal and let K = {k 0 , k 1 , . . . , k r } where the k i are fixed nonnegative integers. Let J i ⊂ F [x 1 , . . . , x m , y] be the monomial ideal generated by all elements in Γ ai,bi,ki , that is,
Also, let J ⊂ F [x 1 , . . . , x m , y] be the ideal generated by Γ ai,bi,ki for all i, that is,
, and k 6 = 0. Then and α i k i . Therefore,
Remark 12 Let δ = x 
2) For every j, either
The following lemma shows that the monomials that satisfy the first condition in the above remark are not in J.
b be such that whenever for some j,
Proof. Let l be any positive integer and choose γ = x (11) and by the minimality assumption, we have
Assume that the hypothesis is satisfied for some j. That is,
. . , r and β j = α j + 1, then we get
β i a i , and
β i k i . Thus by (2) , and the last line of Remark (11), we get δγ = x
Now we state and prove the first main theorem of this paper. By (2) we have
. Without loss of generality, we may assume δx
β i b i , and 
All Powers of inP are Ratliff-Rush
Al-Ayyoub [4] (or [5] ) and [2] proved the following results. The following theorem is the second main result of this paper where we generalize the work of [4] (or [5] ), Theorem (16) above, for the case of arithmetic sequences. We work the proof by applying Theorem (14) together with Theorem (17).
Theorem 18 (Generalizing Theorem (16)) Let P ⊆ F [x 0 , ..., x n ] be the ideal that corresponds to the arithmetic sequence m 0 , ..., m n with m 0 a positive integer. Then (inP ) l is Ratliff-Rush for all positive integers l. 
. Let x n = y, m = n − 1 and s = n − r (where s and m are as in Notation (9) and r is as in Notation (7)). Then
Thus inP is Ratliff-Rush by Theorems (14), (17), and Remark (15) .
Note that if e is even, then
is a multiple of x 2 (l−e/2−i) y q+1 (e/2+i) . Thus
where a i = 2l − i and
Note that the minimal number of generators of I l is 2l + 1.
Recall, (inP ) l is generated by the set 4, 6 , ..., 2l; 1 ≤ i j ≤ n − 1; and r ≤ t ≤ n − 1 .
Note that if i is odd and c
Hence, (inP ) l is generated by the set
Let m = n − 1 and s = n − r (where s and m are as in Notation (9) and r is as in Notation (7)). Let x n = y and k i = 0 or 1 according to i is even or i is odd. Let K = {k i | i = 0, 1, . . . , 2l}. Then
Now by Theorem (17) I l is Ratliff-Rush. Therefore, applying Theorem (14) and Remark (15) we conclude that (inP ) l is Ratliff-Rush.
The Integral Closure
Let I be an ideal in a Noetherian ring R. The integral closure of I is the ideal I that consists of all elements of R that satisfy an equation of the form
The ideal I is said to be integrally closed if I = I. It is well known that the integral closure of a monomial ideal in a polynomial ring is again a monomial ideal, see [26] or [27] for a proof. The problem of finding the integral closure of a monomial ideal I reduces to finding monomials r, integer i and monomials m 1 , m 2 , . . . , m i in I such that r i + m 1 m 2 · · · m i = 0, see [26] . Geometrically, 
Recalling Results on the Integral Closure
Notation 19 Let α = (a 1 , . . . , a n ) ∈ Z + and let I(α) denote the integral closure of the ideal (x
Some authors are interested in studying the integral closedness of powers of the ideals of the form I(α). Some necessary or sufficient conditions are given, see [20] and [27] . We use the following result to reach the goal of this section. 
Integral Closedness of Powers of inP
Now we state and prove the third main result of this paper. Proof. By Corollary (21) I(lα) is generated by the elements of the set {x i1 · · · x i 2l−e x λe n | e = 0, 1, 2, . . . , 2l; 1 ≤ i 1 ≤ i 2 ≤ · · · ≤ i 2l−e ≤ n − 1} where λ e = e q + 1 2 . Let
∈ Ω (where Ω is as defined in (1)) with c even and let i 2l−c+1 = t. If e = c − 1, then 2l − c + 1 = 2l − e and hence m is a multiple of x i1 · · · x i 2l−c x i 2l−e x λe n as λ e = (c − 1)
On the other hand, note that x
Remark 26 Let α = (2, . . . , 2, q + 1) ∈ Z n + . By Lemma (25) and Corollary (21) (inP ) l is generated by the elements of the set
where λ e = e q + 1 2 .
The following three figures give an interesting visualization of how the values of q and r decide the integral closedness of (inP ) l . Figure 
forms a Groebner basis for P . Thus, inP is generated by {x 3 is minimally generated by Ω = {x
Those monomials are represented by grey (either a disk or a circle) in Figure ( 2). The monomials that are represented by black (disk or a circle) are in (inP ) 3 but not in (inP ) 3 , hence (inP ) 3 is not integrally closed. The set H of Remark (26) is {x 
forms a Groebner basis for P . Thus, inP is generated by {x . We show σ / ∈ Ω whenever q > 2 or r > 1. If r > 1, then choose an integer j with 1 ≤ j < r. As λ c > q+1 2
for any nonzero even integer c, then σ / ∈ A. Clearly, σ / ∈ B as j < r. Hence, σ / ∈ Ω. If q > 2, then λ 1 = q + 1 2 < q ≤ c 2 (q + 1) − 1 = λ c − 1
for any nonzero even integer c. This shows σ / ∈ Ω.
